Members of defined contribution (DC) pension plans must take on additional responsibilities 2 for their investments, compared to participants in defined benefit (DB) pension plans. The tran-3 sition from DB to DC plans means that more employees are faced with these responsibilities.
• the DC plan investors know what real income is required from their investment capital during 109 retirement;
110
• the primary goal of retirees is to sustain the specified income for a pre-defined period with 111 minimal risk;
112
• retirees value a portfolio which de-risks rapidly, while satisfying their income requirements.
113
1 Note that industry surveys suggest that retirees are extremely concerned about possibly exhausting their savings. For example, see https://www.allianzlife.com/about/news-and-events/news-releases/ Generations-Ahead-Study-2017.
2 As mentioned above, we ignore labour income risk. Many studies assume that real earnings are expected to follow a hump-shaped pattern, rising rapidly until about age 35, then more slowly until around age 45-50, and slowly declining thereafter (see, e.g. Cocco et al., 2005; Blake et al., 2014) . It is common to add diffusive shocks to this trend, though Cocco et al. (2005) calculate that the utility costs of assuming labour income has no risk are not high, absent a very large negative shock to income, which would be highly unlikely in a diffusive model. It is also worth noting here that the hump-shaped pattern described above has been questioned recently by Rupert and Zanella (2015) , who find that while wage rates do rise rapidly in the early years of a typical employee's career, they do not decline prior to retirement. Average income does fall on average during those years, but this is due to a reduction in hours worked by some employees transitioning into retirement.
We specifically exclude from our consideration those who consider other goals (e.g. a bequest) 114 more important than sustaining a specified level of income. If the investor is fortunate to be able 115 to secure their retirement income at an agreed level, we assume that in this circumstance, their 116 preference is to leave any surplus as a bequest, rather than increasing spending.
117
For our working scenario, we postulate 30 years of accumulation at 20% of salary followed by 30 118 years of decumulation at 40% of final salary. The contributions and withdrawals are each assumed 119 to be constant in real terms. Specifying a constant real annual withdrawal means that, as noted 120 above, we are attempting so far as possible to create a defined benefit (DB) experience. We adjust 121 the asset allocation throughout the life cycle to minimize the adverse consequences.
122
In the absence of annuitization, we emphasize that the ability to generate a specified real 123 income with minimal risk is the best a DC plan holder can expect in the quest to obtain a DB plan 124 experience. She retains longevity risk as well as the assumption of a finite (specified) investment 125 horizon.
126
Target date funds (TDFs) are popular investment products which cater to the market for 127 retirement saving. A standard TDF begins with a high allocation to equities and moves to a higher 128 weighting in bonds as retirement approaches. The fraction invested in equities over time is called 129 a glide path. Typically, these glide paths are deterministic strategies, i.e. the equity fraction is
We consider two markets in our simulation analysis. The synthetic market assumes that the stock 161 and bond processes follow the models with constant parameters fit to the historical time series.
162
Given an objective function, we determine optimal strategies by solving a Hamilton-Jacobi-Bellman 163 equation in the synthetic market. We use a fully numerical approach, which allows us to impose 164 realistic constraints: infrequent rebalancing (yearly) and no leverage/no-shorting constraints. The 165 entire distribution function of the strategy is then determined by Monte Carlo simulations in 166 the synthetic market. As a stress test, we apply these strategies to bootstrap resampling of the 167 historical data, which we refer to as the historical market. The bootstrap tests make no assumptions 168 about the actual processes followed by the stock and bond indexes. In some cases, we reject 169 strategies which appear promising based on synthetic market results due to poor performance in For simplicity we assume that there are only two assets available in the financial market, namely a 175 risky asset and a risk-free asset. In practice, the risky asset would be a broad market index fund.
176
For example, many wealth managers have funds which have a fixed weight of domestic and foreign 177 equity markets.
178
The investment horizon (over both the accumulation and decumulation phases) is T . S t and B t 179 respectively denote the amounts invested in the risky and risk-free assets at time t, t ∈ [0, T ]. In 180 general, these amounts will depend on the investor's strategy over time, including contributions, 181 withdrawals, and portfolio rebalances, as well as changes in the unit prices of the assets. Suppose 182 for the moment that the investor does not take any action with respect to the controllable factors, 183 so that any change in the value of the investor's portfolio is due to changes in asset prices. We refer 184 to this as the absence of control. In this case, we assume that S t follows a jump diffusion process.
185
Let t − = t − , → 0 + , i.e. t − is the instant of time before t, and let ξ be a random number 186 representing a jump multiplier. When a jump occurs, S t = ξS t − . Allowing discontinuous jumps 187 lets us explore the effects of severe market crashes on the risky asset holding.
188
More precisely, in the absence of control, S t evolves according to We note that
We focus on jump diffusion models for long-term equity dynamics since sudden drops in the 204 equity index can have a devastating impact on retirement portfolios, particularly during the decu-205 mulation phase. Since we consider discrete rebalancing, the jump process models the cumulative
206
effects of large market movements between rebalancing times. 5
207
In the absence of control, we assume that the dynamics of the amount B t invested in the risk-free 208 asset are
where r is the (constant) risk-free rate. This is obviously a simplification of the actual bond market.
211
In any case, we will test our strategies in a bootstrapped historical market which introduces inflation 212 shocks and stochastic interest rates.
213
We define the investor's total wealth at time t as
214
Total wealth ≡ W t = S t + B t .
(2.5)
215
Since we specify the real withdrawals during decumulation, the objective functions which we con- 
229
In our tests, we consider a synthetic and an historical market. The synthetic market is generated 230 by assuming processes (2.1) and (2.4). We fit the parameters to the historical data using the 231 methods described in Appendix A. We then use these parameters to determine optimal strategies 232 and carry out Monte Carlo computations. As a test of robustness, we also carry out tests using 233 bootstrap resampling of the actual historical data, which we call the historical market. In this case,
234
we make no assumptions about the underlying stochastic processes. We use the stationary block 235 resampling method described in Appendix B. A crucial parameter for block bootstrap resampling is 236 the expected blocksize. We carry out our tests using a range of expected blocksizes. Although the 237 5 A possible extension would be to incorporate stochastic volatility. However, previous work has shown that stochastic volatility effects are small for the long-term investor (Ma and Forsyth, 2016) . This can be traced to the fact that stochastic volatility models are mean-reverting, with typical mean-reversion times of less than one year. 6 We have also carried out tests using a 10 year US treasury as the bond asset (Forsyth and Vetzal, 2017a Let the inception time of the investment be t 0 = 0. We consider a set T of pre-determined 242 rebalancing times,
For simplicity, we specify T to be equidistant with A deterministic glide path restricts the admissible strategies to those where p = p(t), i.e. the 264 strategy depends only on time and cannot take into account the actual value of W t at any time.
265
Clearly this is a very restrictive assumption, but it is commonly used in TDFs.
266
We consider two cases: p(t) = const. and a linear glide path
Note that this is a to and through strategy, since t = 0 indicates the beginning of the accumulation 269 phase, while t = T represents the end of the decumulation phase.
270
Monte Carlo simulations were carried out for the scenario given in We will attempt to improve on deterministic strategies by allowing the rebalancing strategy to now and probability of ruin. We regard the median terminal wealth to be of secondary importance.
305
7 Minimize probability of ruin
306
Many retirees place a premium on reducing the probability of ruin, i.e. portfolio depletion. There-307 fore, as a first attempt at defining a suitable objective function, we directly minimize probability 308 of ruin. A similar objective function for the accumulation phase of DC plans has been suggested in
309
Tretiakova and Yamada (2011). Consider a level of terminal wealth W min . We wish to solve the 310 following optimization problem:
We recognize objective function (7.1) as minimizing the probability that the terminal wealth W T 315 will be less than W min . If W min = 0, then this will minimize the probability of portfolio depletion.
316
In problem (7.1), we withdraw surplus cash c i (W − i + q i , t i ) from the portfolio if investing in the 317 risk-free asset ensures that W T ≥ W min . More precisely, let
be the discounted future contributions as of time t . If
then an optimal strategy is to (i) withdraw surplus cash
the portfolio; and (ii) invest the remainder W min e −r(T −t i ) − Q i in the risk-free asset. This is an 323 optimal strategy in this case since Pr [W T < W min ] = 0, which is the minimum of problem (7.1).
324
In the following, we will refer to c i > 0 as surplus cash. We assume that any surplus cash is 325 invested in the risk-free asset. Of course, it is also possible to invest it in the risky asset. is a very useful risk measure for these types of problems, due to the highly skewed distribution of 340 terminal wealth.
341
We begin by computing and storing the optimal controls from solving problem (7.1) with
342
W min = 0. In other words, we try to minimize the probability of portfolio depletion before year 60.
343
To assess this strategy, we use these controls as input to a Monte Carlo simulation in the synthetic 344 market. Recall that in this case the simulated paths will have exactly the same statistical properties 345 as those assumed when generating the optimal controls. The results are shown in the first row of Table 7 .1. In this idealized setting, the final wealth distribution has a median that is almost zero,
347
but also about a 2% chance of being less than zero. Figure 7 .1 plots the cumulative distribution Table 4 .1. W T denotes real terminal wealth after 60 years, measured in thousands of dollars. Statistics for the synthetic market case are based on 6.4 × 10 5 Monte Carlo simulation runs. Statistics for the historical market cases are based on 10,000 stationary block bootstrap resamples of the historical data from 1926:1 to 2016:12. b is the expected blocksize, measured in years. Surplus cash is included in the mean, median, CVAR and probability of ruin, but excluded from the standard deviation.
function of W T for this case. The sharp increase in the distribution function near W T = 0 suggests 349 that this strategy will be very sensitive to the asset market parameters. increases the median of W T , but this comes at the expense of increasing the probability of ruin. this ruin probability is higher than in the synthetic market by a factor of more than 3 for the two 366 shortest expected blocksizes. Even whenb = 5 years, the ruin probability is almost 75% higher 
380
In an effort to determine a more robust strategy, we experimented with setting W min > 0, so We can summarize our attempts to minimize probability of ruin as follows. Although at first 388 glance it would appear that minimizing the probability of negative terminal wealth (i.e. portfolio As another possible objective, we consider minimizing the mean of the worst α fraction of outcomes 403 (i.e. CVAR). Recall that we define CVAR in terms of terminal wealth, not losses, so we want to 404 maximize CVAR.
405
Let P = {p 0 , p 1 , . . . , p M −1 } be the set of controls at t ∈ T . Let CVAR α denote the CVAR at level α. For a fixed value of α and a scalar κ, the mean-CVAR optimization problem is: 
where Q i is defined in equation (7.2), then the optimal strategy is to invest W * α e −r(T −t i ) − Q i in 420 bonds and ( strategy is termed a pre-commitment strategy, since the investor is committed to follow the strategy.
429
However, we can view the pre-commitment mean-CVAR strategy, determined at t = 0, as the time
430
consistent strategy for an alternative objective function for t > 0. This is discussed in Appendix C.
431 we can see that there is a very large cost incurred in terms of the median terminal wealth to reduce the probability of ruin by a small amount. It seems plausible to attempt to target a reasonable value 
We can interpret problem (9.1) as minimizing the quadratic penalty for shortfall with respect 460 to the target W * . As in Section 7, we allow surplus cash withdrawals over and above the scheduled 461 injections/withdrawals q i . An optimal strategy is to withdraw
from the portfolio and invest the remainder in the bond index (Dang and Forsyth, 2016 12 This is the time average of the median value of the equity weight p. 13 We experimented with other ways of specifying W * . For example, rather than using the value which resulted in E[WT ] = 1000, we determined the value which minimized Pr [WT < 0]. Although this looked promising in the synthetic market, its performance in the historical market tests was worse compared to the strategy which set E[WT ] = 1000. 
517
Unlike most other strategies, the quadratic shortfall strategy produces results in the historical 518 market which are generally as good or better than in the synthetic market. The significant ter-519 minal wealth target adds robustness, ameliorating the effect of stochastic interest rates (which are 520 introduced in the bootstrap resampling tests). In addition, as shown in Figure 9 .1(c), the basic 521 strategy is heavily contrarian: when wealth is low (e.g. due to equity market drops) invest more 522 in equities, and then capture gains (by moving cash to bonds) when wealth is high (e.g. due to 523 favourable equity market returns). Historically, this has been a winning strategy: over very long 524 periods the market does move up, but retirees do not enjoy an unlimited time horizon. While there 525 will always be a risk that equities do not achieve the growth target, the quadratic shortfall strategy 526 greatly reduces risk by recognizing the opportunity of shifting the allocation to bonds when the 527 target is within sight.
528
Overall, it seems that these strategies, which can be interpreted as minimizing the expected .02. The quadratic shortfall strategies give up only a small amount in terms of probability of 533 failure. 14 In return we have a good chance of a large bequest (or a safety buffer for longevity), i.e.
Some alternative strategies

536
We now briefly discuss some other strategies which we have considered. First, we have tested 537 strategies where we replace the objective function in the quadratic shortfall problem (9.1) by be misleading due to a small number of simulated paths with extreme results). constraint from Section 9 seems to be superior to the other objective functions. It also offers a 556 relatively high median terminal wealth. It is outperformed significantly on this dimension by the 557 constant equity fraction strategies with p = 0.60 and p = 0.80, but these constant weight strategies 558 also have much higher risk exposures.
559
Figure 11.1 plots kernel-smoothed probability densities of terminal wealth W T in the historical 560 market for the three constant weight strategies and the quadratic shortfall strategy from Table 11 .1.
561
This figure highlights some of the differences between the simpler constant weight approaches and 562 the quadratic shortfall strategy. This latter strategy clearly sacrifices a lot of upside potential 563 in exchange for downside protection, concentrating the wealth distribution in a narrow range, 564 compared to the constant weight cases.
565
If we are concerned that too much upside is sacrificed for the quadratic shortfall method, we 5% CVAR= −331. These results are still superior to the constant weight p = .6 case, but the 571 quadratic shortfall strategy has to maintain a relatively high allocation to equities in order to hit 572 the expected value target, so that there is less freedom to reduce risk.
573
As an additional stress test, we consider a case where the optimal strategy was computed with years. We also assume that the holder does not choose to annuitize, which is consistent with 583 observed behaviour.
584
Our main result is that an objective function which focuses purely on a risk measure such as 585 minimizing the probability of ruin or maximizing CVAR 16 performs well in a synthetic market, but 586 poorly in bootstrap backtests (the historical market). The main problem seems to be that these 587 strategies are not robust due to real interest rate shocks introduced by the resampling process.
588
In addition, even in the synthetic market, we observe that the small decreases in the probability 589 of ruin come at the cost of drastically reducing the median terminal wealth (i.e. a bequest or an 590 additional longevity safety valve). Greater robustness is achieved by targeting a final wealth greater 591 than zero, which acts as a buffer against uncertainties in market parameters. Another side effect 592 of this is that a significant terminal wealth acts as additional buffer for longevity risk (e.g. the risk 593 of living for more than 30 years of retirement).
594
Minimizing the quadratic shortfall with an expected terminal wealth constraint appears to be Quad. shortfall Const. p=0.4
Const. p=0.6
Const. p=0.8 Figure 11 .1: Kernel smoothed probability densities for three constant weight strategies and the quadratic shortfall strategy, assuming the scenario in Table 4 .1. Densities based on stationary block bootstrap resampling of the historical data from 1926:1 to 2016:12 with an expected blocksize ofb = 2.0 years. W T denotes real terminal wealth after 60 years, measured in thousands of dollars. The quadratic shortfall method enforces the constraint that E[W T ] = 1000 in the synthetic market used to determine the optimal control for that strategy.
to buffer the real interest rate shocks. This method results in an acceptable probability of ruin, 597 and a significant median terminal wealth. This strategy is also robust to the misspecification of the 598 drift of the risky asset, and is superior (by most measures) to standard constant weight strategies.
599
However, this approach requires some experimentation in order to set the expected terminal wealth 600 constraint appropriately.
601
It is interesting to observe that a robust strategy involves aiming for a significant size of terminal 602 wealth (which may turn out to be a bequest) in order to have a small probability of ruin. In this 603 instance, the investor and her heirs are likely to agree on the strategy.
604
We would like to emphasize that it is important to stress test any strategy, e.g. by bootstrapping 605 the historical data. Some strategies which appear to work very well in the synthetic market fail 606 in the bootstrap stress tests. However, we believe that our tests point the way to some promising 607 choices of objective function for full life cycle DC plan asset allocation.
608
Any strategy which involves investing in risky assets to meet fixed cash flows has a non-zero 609 probability of portfolio depletion before the horizon date. The best that can be done is to make home. As long as the value of any real estate asset is larger than (the negative of) the 5% CVAR, 614 then we can regard the real estate asset as at least a partial hedge against the tail risk.
615
Our basic question in this work was whether a suitably chosen investment strategy would offer 616 a DC plan member the opportunity to have a similar retirement income stream as provided by a 617 traditional DB plan. The quadratic shortfall strategy produces a 30-year real annuity with a low 618 probability of ruin, not a guaranteed life annuity (assuming DB pension plan solvency). In this respect, it falls a bit short of providing a fully comparable retirement income stream. Offsetting this, however, is a reasonably good chance of a large buffer, which could be used to pay for higher 621 than anticipated expenses, or as a significant bequest, or as a hedge against extreme longevity.
622
The quadratic shortfall strategy can also be regarded as being superior to annuitization, since it 623 preserves liquidity and is defined real terms, whereas in practice annuities are almost invariably 
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The authors have no conflicts of interest to report. of almost 9%. The diffusive volatility σ might seem slightly low at less than 15%, but recall that 648 the overall effective volatility includes this amount plus the contribution to volatility from jumps.
649
The jump intensity λ implies that jumps can be expected to occur approximately every 3 years.
650
When a jump happens, it is about 3 times more likely to be a move down than a move up. Upward 651 jumps are a little larger on average than downward jumps. 
670
The sampling is done in blocks in order to account for possible serial dependence effects in the historical time series. The choice of blocksize is crucial and can have a large impact on the results (Cogneau and Zakalmouline, 2013 and solve the inner optimization problem using an HJB equation (Dang and Forsyth, 2014; Forsyth 701 and Labahn, 2018). Standard methods can then be used to solve the outer optimization problem.
702
Remark C.1 (Time consistency of mean-CVAR strategies). Suppose that we solve the mean-CVAR problem at t = 0, for a given confidence level α. This determines a value of W * in equation (C.4).
If we fix the value of W * , then the pre-commitment mean-CVAR strategy (computed at t = 0), is risk-free investment results in W T > W U , since otherwise the problem is not fully specified.
720
The idea of objective (D.1) is to reward outcomes between W L < W T < W U , with higher reward 721 for outcomes near W U . There is no reward for outcomes W T > W U . A possible problem is that 722 all outcomes W T < W L are penalized equally. To be comparable with the results in Section 9 723 (quadratic shortfall with expected value constraint), we fix W L = 100 and determine W U so that 724 E[W T ] = 1000 in the synthetic market. This gives W U = 1178.
725
The results for the sharp target strategy are shown in Table 4 .1. W T denotes real terminal wealth after 60 years, measured in thousands of dollars. Statistics for the synthetic market case are based on 6.4 × 10 5 Monte Carlo simulation runs. Statistics for the historical market cases are based on 10,000 stationary block bootstrap resamples of the historical data from 1926:1 to 2016:12.b is the expected blocksize, measured in years. Surplus cash is included in the mean, median, CVAR, and probability of ruin, but excluded from the standard deviation. 
